ELECTRON DIFFUSION IN A SPHERICAL CAVITY
Electrical breakdown of a gas at microwave frequencies has been considered theoretically and experimentally for the case in which the electric field is uniform (1)(2)(3). It is sometimes important to consider cases in which the electric field is not uniform, so that the shape of the volume from which diffusion takes place may be varied. The case of a cylindrical cavity of arbitrary length has been solved by Herlin and Brown (4) , and the procedure of this paper is similar to theirs. The diffusion equation for electrons in a nonuniform field is solved and the breakdown condition derived. The breakdown condition is expressed in such a manner that an effective characteristic diffusion length A e is determined; the meaning of A e expresses the equivalent characteristic diffusion length for uniform electric fields. From the experimental breakdown fields, A is detere mined and used in the theories developed in References 2 and 3 to predict theoretical breakdown curves which are compared with experiment.
I. Diffusion Theory
The differential equation to be solved for the characteristic diffusion length of electrons in a gas is
where q = Dn, the electron diffusion current density potential; D is the electron diffusion coefficient; n is the electron concentration; E is the rms value of the electric field; and 5 is defined by the equation
where v is the ionization rate per electron.
The boundary condition on Eq. (1) is that the electron concentration and thus ~ go to zero within a mean free path of the walls of the metal cavity.
C may be expressed as a function of E/p and pX where p is the pressure and k is the free space wavelength of the applied electric field. Integration of Eq. (1) is simplified by the use of the approximation employed by Herlin and Brown (4)(5).
where o is the value of the ionization coefficient at the maximum field point; k is introduced for mathematical convenience and has the units of reciprocal length. The quantity 1-2 is obtained as the slope of the vs. E/p plot on a logarithmic scale. The slope required is that of for which pX is kept constant. The approximation of Eq. (2) where r, and 4) are the spherical coordinates, a is the radius of the sphere and jl is the first-order spherical Bessel function.
It is seen that the electric field depends on both r and 0, the introduction of which makes Eq. (1) inseparable. Since, in breakdown, we are interested only in the energy transfer from the field to the electrons, we need take into account only the magnitude of the field at a given point. Near the center of the cavity, where the field (and therefore the ionization) is high, the magnitude of the electric field is approximately spherically symmetric. This fact is illustrated in Fig. 1 which shows the maximum variation of fields with 0, as a function of r. If we assume that the electric field may be expressed as the average of these values over the whole of the cavity, we may write
Equation (5) is also plotted in Fig. 1 where it is seen to be a good approximation to the average electric field except near the boundaries where it does not matter. 1/pL is the radius at which the ionization goes to zero under the above assumptions. Beyond 1/., these assumptions lead to a negative which is not physically correct so we set = 0 for r > 1/p.
For mathematical convenience we transform to a dimensionless independent variable and let kpur 2 = x; Eq.
We transform the dependent variable by letting LP = e -x/2 g and then 
where we designate by 1J that part of for which r is less than 1/4 or x < k/[u. When x > k/p., is zero and the differential equation (1) 
where x o = kLa2 and is determined by the condition that 2 be zero on the boundary; C is an arbitrary constant. We must match the solutions of Eqs. corrected and uncorrected data are presented.
The procedure used in finding Ae begins with a plot of vs. E/p, using the geometrical value which is a first approximation. If the geometrical characteristic diffusion length is equal to the actual diffusion length, we shall find A /A from e Fig. 2 to be equal to 1. This is not generally true, so we take the value of P for the slope of a constant pX curve for the pressure and wavelength in which we are interested, find Ae/A and recalculate to obtain a second approximation.
The process is convergent and is continued until successive calculations agree. The sphere used in the experiment had a radius .1
